We present a novel framework capable of addressing the dark matter problem through freezein and freeze-out mechanisms, separately or together depending on the region of the parameter space considered. Apart from the fermionic dark matter candidate, the model features two charged partners, one fermionic and another scalar, which often have delayed decays leading to distinct features of such long-lived particles in the colliders like the LHC. Our analysis shows that the model is compatible with observation for masses in the 100 GeV to TeV range. The not-so-slow production of the dark matter particle with the otherwise over-abundant case tamed through sizable annihilation cross section is a distinct characteristic of this scenario, which is not present in the usual Feebly Interacting Massive Particle (FIMP) freeze-in scenarios. A bonus feature is the requirement of a heavy neutrino leading to Type-I seesaw mechanism without disturbing the dark matter side.
scattering cross sections are way too small to be probed in the present or near future experiments. However, it may be noticed that the FIMP mechanism works usually with a thermally produced partner particle decaying very slowly to the dark matter particle. [26] [27] [28] [29] [30] Such feeble decays make these partner particles live longer than a typical unstable particle. For example, if produced in proton-proton collisions at the LHC, such long-lived particle (LLP) could propagate to perceivable distance before they decay. It provides a possibility for new way of identifying these scenarios at the collider experiments. Signatures typically include displaced vertex, disappearing charged tracks, and even kinks on the charged tracks. LHC is on the lookout for long-lived particles [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] . Apart from the dark matter scenarios discussed above, LLP appears in extra-dimensional models [44, 45] , special scenarios in supersymmetry with very narrow mass splitting between the decaying particle and the final state particles [46] [47] [48] [49] [50] , SM extension with light neutrino mass [51, 52] and models with baryogenesis [53, 54] . The high-luminosity version of the LHC (HL-LHC) has dedicated upgrades keeping in view the possible signatures of the LLP [52, 55, 56] . In addition, within the LHC complex a dedicated detector known as (MAssive Timing Hodoscope for Ultra Stable neutraL pArticles) MATHUSLA [57, 58] is proposed as a large volume surface detector specifically looking for LLP.
Detailed study of LLP signatures at the LHC in simplified FIMP models is carried out by [59, 60] , which shows that mass of the dark matter particles should be in the keV -MeV range to be compatible with dark matter relic density, at the same time providing decay lengths of the partner particles that could be probed by LHC. In this work, we consider a novel scenario where a fermionic dark matter is produced from the slow decay of a thermal charged fermion. This necessitates the presence of a charged bosonic degree of freedom, which we consider as a charged scalar for simplicity. The Yukawa coupling corresponding to this interaction can be adjusted to obtain the required relic abundance of the dark matter. Considered as an SU (2) L singlet, the charged scalar require the presence of a gauge singlet neutral vector fermion for it to decay. The Yukawa coupling corresponding to this interaction is independent of the dark sector dynamics. In particular, it is possible that it is small enough to make the charged scalar have sufficiently large decay length to leave distinct LLP signature at the LHC or MATHUSLA. On the other hand, if the Yukawa coupling in the dark sector is large enough to accommodate thermal production of the dark matter, we have the WIMP scenario with freeze-out relic density. However, this will still be unaffected by the direct detection constraints as the new charged scalar is leptophilic, and do not couple to quarks.
We organise this paper with the details of the model given in Section 2, followed by the numerical analysis and discussion of results related to the freeze-in scenario presented in Section 3, and freezeout scenario presented in Section 4. In Section 5 we present the collider signatures of the LLP associated with this study, and finally conclude in Section 6.
Model details
We consider dark matter to be a gauge singlet fermion denoted by ψ, which is made stable by imposing a Z 2 symmetry under which it is odd. The non-thermal production of ψ is realised through the slow decay of a partner charged fermion χ + , which is a vector-like gauge singlet. χ + and ψ have the same transformation property under the Z 2 . This decay necessitates the presence of a charged gauge singlet scalar field, denoted here by S + , which in turn decays to the charged standard lepton and newly introduced gauge singlet vector-like neutral fermion, N . The Yukawa interaction of N with the Standard Model (SM) Higgs field and the left-handed lepton doublet along with its explicit Dirac mass term, could be made use of to generate the neutrino mass through type-I seesaw mechanism. Keeping this in mind, we introduce three copies of N in our set up. The additional particle spectrum along with their hypercharge and Z 2 charge are given in Table 1 . All the SM fields are even under the Z 2 .
field Y Z 2 S + +2 + N 1 , N 2 , N 3 0 + χ + +2 − ψ 0 − Table 1 : Additional fields and their charges.
With the above particle content, the Lagrangian of the model is given by
where Φ represents the SM Higgs doublet, L i and l i denote the SM left-handed lepton doublet and right-handed charged lepton singlet, respectively. The summation index i runs from 1 to 3 indicating the three flavors of leptons. The Yukawa couplings and the mass parameter m Ni are taken to be diagonal. Thus, the interactions does not lead to any flavor violating processes. However, the contribution to g − 2 of the charged leptons arising at the one-loop level are proportional to y 2 2i , and therefore require to be small [61, 62] for the first two generations, while the i = 3 it could be more relaxed. Moreover, the presence of neutral fermions N i can explain neutrino mass generated via Type-I seesaw mechanism. The mass matrix in the gauge eigenbasis is
where Y N and m N are 3×3 matrices with Y N = diag (y N1 , y N2 , y N3 ) and m N = diag (m N1 , m N2 , m N3 ).
Keeping m Ni at the GeV-TeV scale require y Ni ∼ 10 −8 to get the right neutrino mass (of ∼ 0.1 eV). The other Yukawa coupling is limited by perturbativity, and thus we consider y 1 ≤ √ 4π. Electroweak symmetry breaking is controlled purely by the Higgs mechanism involving the Φ field. After the symmetry breaking, the mass of the charged scalar is given by
whereas m χ and m ψ are free parameters. In addition to the constraints discussed above, further constraints come from the collider experiments. If kinematically allowed, χ pairs could be produced in e + e − collision, leading to dilepton final state accompanied by missing energy. Consequently, to avoid LEP constraints we consider m χ ≥ 45 GeV. Similarly, the Higgs can decay to S + S − pair owing to the quartic coupling, λ 1 , contributing to the invisible Higgs decay. For simplicity, we consider m S ≥ 63.5 GeV to kinematically prohibit this decay.
Turning to the dark matter side, we have different possibilities arising here depending on the kinematics and couplings. First of all, the dominant mechanism for production of the dark matter ψ is the decay of thermally produced charged fermionic partner, χ. This immediately requires m χ > m ψ . The decay proceeds through their coupling with the singlet charged scalar, S + . Here there are two possibilities: (i) when kinematically allowed with m χ ≥ m ψ +m S , the decay essentially goes through the on-shell S (χ → ψS); (ii) when m ψ + m N ≤ m χ < m ψ + m S , it results in a three body decay of χ → ψS * → ψN . In the first case, the decay is dictated by a single coupling y 1 , whereas in the second case it is the product of y 1 y 2 that matters. As noted above, y 2i is restricted to be small for the first two generation, while it can be more relaxed for the third generation which couples the τ lepton with S. The strength of these interactions will dictate the relic density of ψ, the dark matter candidate. In Table 2 we have listed the distinct possibilities that could arise. In the first case with 2-body decay of χ, the coupling y 2 does not affect the scenario. For large values of y 1 the dark matter ψ is abundantly produced. The only way to get the right relic density is by taming the dark matter density through its annihilation. This could be achieved in the present model through the pair annihilation of ψ into a pair of S, when kinematically allowed. Note that it is the same coupling which dictates the annihilation process as well. On the other hand, for very small y 1 , the slow production of ψ gradually builds up the dark matter density. Apart from y 1 , the mass splittings would also play crucial role in getting the right relic density. Moving to the case of 3-body decay of ψ as listed in Table 2 it is the product of the couplings y 1 y 2 which is now relevant. Again, for large values of this coupling combination ψ is abundantly produced, and the over-abundance could be tamed with the pair annihilation of ψ for favourable kinematic (m ψ > m S ) and dynamic (y 1 > 0.1, as shown through numerical studies discussed later) conditions. This is quite similar to the large coupling scenario of case 1. On the other hand, for very small values of y 1 y 2 , there are two different situations. One is that y 1 is also very small. In that case the only relevant mechanism is the freeze-in mechanism. Whereas, for larger enough y 1 , it is possible that the build up of the density Table 2 : Distinct scenarios and their viabilities considering relic density of the dark matter.
result in an over-abundant situation. However, in this case the annihilation could be significant to tame the over-buildup to achieve the right relic density.
We would like to emphasise that this feature of the model is one of its novelties, which is not present in freeze-in dictated by a single parameter. Such scenarios in the context of additional gaugeportal interactions are discussed in the literature where it is possible to go from freeze-out regime to freeze-in regime continuously [63, 64] . In the present case, we focus on the possibility of annihilation contributing significantly so that the mechanism is effectively freeze-out, even with non-thermal slow production of the dark matter.
This can be quite natural when more than one couplings are relevant to the dynamics of dark matter production and annihilation.
1
In the following sections we shall discuss the freeze-in and freeze-out scenarios separately, and present a numerical study to understand the specific situations and parameter space regions in each of these cases.
Freeze-in solution
The production of DM candidate ψ through the slow decay of gauge produced χ gives rise to the freeze-in mechanism by building the DM density. The decay of χ is controlled by the Yukawa coupling y 1 with S + and ψ. When kinematically possible, it will be a two body decay with S + produced on-shell. On the other hand, if m S ≥ m χ , it is a three body decay of final state ψN , mediated by a virtual S + . In the latter case the decay is dictated by the Yukawa coupling y 2i of S + N along with y 1 . While in the first case y 1 is required to be small enough (∼ 10 −11 ) for freeze-in to be possible, in the second case the product y 2i y 1 should be of this order. The relic density depends on the decay width, Γ χ and the masses of the parent particle and the DM candidate through the relation [25] 
where g S,ρ * are effective degrees of freedom in the bath at freeze-in temperature T ∼ m χ . g χ denotes the number of degrees of freedom corresponding to the decaying particle χ, which is equal to 2 for a fermion.
We shall consider these two distinct cases separately in our numerical analysis below. The charged scalar, on the other hand, decays to N enabled by the Yukawa coupling y 2i . In the first case of two body decay of χ, this decay is decoupled from the freeze-in mechanism, and therefore y 2 can be independently varied. As mentioned in the introduction, this coupling can potentially induce anomalous g − 2 for the charged SM leptons, and therefore require to be small. With small y 2 , it is possible that S + has delayed decay, but within the detectors of the LHC experiments. The heavy neutrino N can decay through its coupling with the SM neutrino and the Higgs boson, y N , which is required to be very small to generate the right neutrino mass. Thus, potentially, N could also be long-lived. In the second case of the three-body decay of χ, again, y 2 can be such that S has delayed decay to leave distinct signature at the collider detectors. We shall discuss the signatures of this long-lived S + in the later section. Below we shall focus on the dark matter side of the model and find viable parameter pace regions compatible with the observations. Feynman diagrams corresponding to the decay of χ in the two cases, and that of the S decay are given in Fig. 1a, 1b and Fig. 1c , respectively. We shall discuss these two cases separately below. In this case the DM candidate is produced through the two-body decay of the χ which is gauge produced abundantly, and in thermal equilibrium. The decay width of χ is given in the two cases by,
One may notice that, in principle, a pair of ψ can annihilate into a pair S when kinematically feasible. Such a reaction will be a t-channel process mediated by χ as shown in the Feynman diagram in Fig. 2a . In addition to the pair annihilation, when the mass splitting is favourable, the coannihilation processes with Feynman diagrams shown in Fig. 2b , 2c, 2d could also affect the number density of the dark matter. However, the pair annihilation process is proportional to y 4 1 , while all other processes are proportional to y 2 1 , the same coupling that controls the slow production leading to freeze-in mechanism. Thus, the annihilation cross sections are expected to be negligibly small leaving no signature in the relic density. The relic density for a wide range of parameters is computed in MATHEMATICA using the above relation and compared with the value allowed by PLANCK [1] experiment. The relic density in this case depends on the single Yukawa coupling y 1 , and the masses of the participating particles, m χ , m S and the dark matter particle m ψ . We fix the other parameters, which do not affect the relic density as λ = λ 1 = 0.1, y N = 10 −8 , y 2i = 10 −9 . All the three copies of the neutral vector fermion mass are fixed at m N = 30 GeV in our scan. While the decay width of S has a kinematic dependence on this, the width of χ itself is not affected by this parameter. The range of the parameters used in the scan is given in Table 3 . All through we have maintained the mass splitting so that χ can undergo a two body decay. Scanning over 50,000 points, we selected those satisfying the right relic density, and analysed those for possible correlations and constraints.
1 GeV ≤ m ψ ≤ 1000 GeV 65 GeV ≤ m S ≤ 1000 GeV Table 3 . In the bottom-right plot, m χ = 300 GeV and 1 TeV are considered, while m ψ is varied in the full range.
In Fig. 3 the correlation between y 1 and relevant masses are given. As seen from y 1 vs. m S the larger masses require larger coupling to compensate for the effect of the phase pace. On the other hand, in the case of y 1 vs. m ψ , the phase space suppression in the case of larger m ψ is smaller compared to the enhancement in the invariant amplitude, as is clear from the decay width expression in Eq. 5. Further there is an additional factor of m ψ in the expression for Ω in Eq. 4, pulling down the decay width to maintain the same relic density. The correlation between the parent particle mass (m χ ) and y 1 clearly indicates that y 1 is preferred to be in the range of 10 −13 − 10 −9 to satisfy the required relic density. As expected, smaller mass splitting ∆m χS = m χ − m S require larger y 1 to compensate for the narrow phase space available. The right-bottom plot in Fig. 3 shows y 1 against m S for two different m χ values of 300 GeV and 1 TeV. The mass splitting ∆m Sψ = m ψ − m S is indicated in different colours. While in the case of lighter m χ , the mass splitting is not very relevant, in the case of heavier χ, smaller y 1 is preferred for larger m ψ values, in agreement with top-right plot and the discussion above.
Three body decay of χ with m
In this case the decay of χ to on-shell S is not kinematically possible. However, three body decay enabled through a virtual S decaying into N pair, as illustrated in the Feynman diagram in Fig. 1 (b), produce the dark matter. The decay width Γ χ + →ψN l + is proportional to (y 1 y 2 ) 2 , as given by
where
Having the product of the couplings controlling the production, unlike in the previous case, the following distinct possibilities arise in this case, depending on the mass splitting ∆m ψS = m ψ − m S .
(y
1, for any ∆m ψS : In this case ψ is produced via 3-body decay of χ → ψN ; this will slowly saturate to leave the required relic density. We shall show that, for a large range of mass of S, it is possible to find couplings compatible with the freeze-in scenario, in the range of 10 −11 ≤ (y 1 × y 2 ) ≤ 10 −5 . The coupling y 1 being small (≤ 10 −2 ), the annihilation channel ψψ → SS is not effective leading to a situation similar to Case 1 described in Section 3.1.
y 2
1, y 1 ∼ 1, with ∆m ψS < 0: Here the case is the same as above, with 10
the freeze-in mechanism ensures that the relic density is built up to the requirement. The annihilation process is kinematically forbidden, even though the relevant coupling is (y 1 ) is large. The co-annihilation channels could, however, be relevant, as the kinematics may not restrict those.
3. y 2 1, y 1 ∼ 1, with ∆m ψS > 0: In this case again, slow production of ψ from the decay of χ builds up the number density of the dark matter particle. However, owing to sizable y 1 the now kinematically allowed annihilation cross section is significant. Thus, once the number density is sufficiently larger, annihilation will lead to a freeze-out kind of situation. The resultant relic density at the decoupling time depends on various factors including the rate of decay of χ and the annihilation cross section of ψ to S. In this case the right relic density can be obtained with the coupling in the range of 10 −7 ≤ y 2 ≤ 10 −1 . As mentioned earlier, large value of y 2 for the first two generations might generate larger than allowed muon anomalous magnetic moment. However, this restriction is not applicable to τ . Notice the need for larger couplings compared to the case above, as the annihilation channels will be taking away part of the dark matter.
In the absence of annihilation: We shall first consider the situations 1 and 2 listed above, where the annihilation does not pay a role. Scanning the parameters within the range specified by Table 4 , we explore the parameter space providing the right relic density. Apart from a mild dependence through the propagator, the mass of the scalar m S does not leave any effect. , and the decaying parent particle mass m χ (right) satisfying the relic density bound.
In Fig. 4 the coupling combination y 1 y 2 is plotted against m ψ (left figure) and m χ (right figure) . Generically, the product of the coupling below 10 −10 , is not possible, with a few points between 10 −11 and 10 −10 corresponding to relatively heavier χ and lighter m S so that the propagator factor compensates for the small coupling. For lighter χ below 200 GeV, the coupling is mostly larger than 5 × 10 −10 , which is filtered down to slightly lower than 10 −10 for masses between 200 and 400 GeV, above which it is possible to go down by one more order. In the presence of annihilation: The third situation listed above, which includes the effect of sizable annihilation cross sections is interesting, however not usually considered in the literature. In most situations studied, a single coupling parametrised the interactions. Freeze-in mechanism requiring this to be small naturally makes the effects of annihilation irrelevant. However, as we demonstrate here, in the presence of an additional coupling such as present in the scenario discussed in this article provides a natural framework where the not-so slow build up of the dark matter density is tamed by the annihilation processes in a controlled way, so that at the decoupling limit the required relic density is obtained. Fig. 6 depicts the picture in a typical case. As shown by the blue curve, if the annihilation processes were neglected, the relic density would have been many orders larger than the actual case of including the annihilations included in the green curve. A few benchmark points compatible with this scenario are presented in Table 5 . For clarity, we have included the respective cases with small y 1 , where the effect of annihilation is absent, and the correct relic density is not achievable. While the results are presented for a fixed m N = 30 GeV, we have checked that it varies T , where T is the temperature, for a specifically chosen benchmark point when ψ is produced in the 3-body decay of χ. The blue curve shows the slow-production and saturation (without considering annihilation) as χ runs out (pure freeze-in). The red curve denotes the effect of annihilation, till the decoupling temperature is reached. The green curve shows the more realistic case with the effect of annihilation included along with the freeze-in. Table 5 : Viable benchmark points with slow production controlled by y 1 y 2 and significant contribution of pair annihilation, controlled by y 1 , in achieving the right relic density. All masses are in GeV. m N is set to 30 GeV in all cases. Small y 1 corresponds to the absence of annihilation.
within the same order of magnitude for a range of m N from 1 GeV to a couple of 100 GeV.
Freeze-out possibility
The model can also explain thermal dark matter, ie, standard WIMP scenario through thermal freeze-out and is viable over a large parameter space. In this approach, it is assumed that the DM candidate ψ is already in equilibrium with the thermal bath. Hence we no longer require the DM interaction coupling y 1 to be very small unlike freeze-in scenario, therefore it is considered in the order of unity. All the possible annihilation diagrams are given in Fig. 2 . Based on the mass splitting between the dark sector particles, the relic density will be dominated by either annihilation of DM into SM particles (Region 1) or co-annihilation between the dark fermions (Region 2). Fig. 2(a) represents the only diagram possible when ψ annihilates into a pair of S through t-channel mediation of χ. Fig. 2 (b)-(d) represent the co-annihilation channels which become effective only when the mass splitting between incoming particles is very small. The model is implemented in Feynrules [66] and the freeze-out relic density computation is done using micrOMEGAs [67] . The parameter space is classified into two regions of m χ m ψ and m χ ∼ m ψ , with the coannihilation channels becoming important in the latter case. We shall discuss these two regions separately in the following subsections.
Region with large mass splitting
The only pair annihilation of the dark matter in this region proceeds through the t-channel to a final state of pair of S shown in Fig. 2(a) , with the cross section proportional to y 4 1 . The co-annihilation process have negligible contribution as the cross section for such process goes like the exponential of mass splitting between the dark matter and the partner, e −(mχ−m ψ ) . To study the relic compatible parameter space regions, we scan over the available/relevant range of parameters and compute the relic density using micrOMEGAs. As in the earlier case, the irrelevant quartic couplings, λ and λ 1 are fixed at 0.1, and the Yukawa coupling dictating the heavy neutrino mass are set at y Ni ≈ 10 −8 , and the mass of the neutral vector particles are set to m N = 30 GeV, while the Yukawa coupling between SN is taken as y 2 = 10 −6 . The parameters, which are relevant to the annihilation process here are varied randomly in the range given in Table 6 . , and for varying m χ with the mass splitting fixed at m χ − m ψ = 100 GeV (red) and 800 GeV (blue) keeping 65 ≤ m S ≤ 1000 GeV. All points satisfy the measured relic density.
In Fig. 7 , the variation of the coupling y 1 is plotted against the DM mass. The ψψ → SS annihilation channel opens up at different S values, as shown in the left plot in Fig.7 , for a fixed χ mass of 1 TeV. It can be seen that larger coupling is required to keep Ωh 2 within the observed limits for larger propagator mass (m χ ) because it implies smaller annihilation cross section. In the right plot of Fig. 7 , χ mass is varied for the entire range of m ψ keeping the mass splitting fixed at two specific values. For larger splitting a relatively heavier propagator demands larger coupling to reach the required cross section, as clearly indicated by the two different cases of m χ − m ψ = 100 and 800 GeV. The slight upward trend in the plot towards higher m ψ could also be attributed to the increase in propagator mass, for the same reason.
Region with almost degenerate case: m χ ∼ m ψ
In this region, the mass difference between χ and ψ being very small, the effect of the co-annihilation channels become important. Unlike Fig. 2(a) , these channels provide correct relic density even when m ψ ≤ m S , as now ψ can annihilate into S and photon/Z boson provided 2m ψ ≥ m S /m S + m Z (Fig.2(c),(d) ). Setting a non-zero value of λ 1 enables the diagram in Fig. 2(b) , although the effect of this cross section is very small. The parameter values are considered as in the previous case of Region 1, but with λ 1 now varied between 0 and 3, to study the effect of Fig. 2(b) involving this coupling. Thus we consider the following ranges of parameters while performing the scan. Relic density is plotted with DM mass for mass splitting between dark sector particles fixed at 1 GeV (left) and 5 GeV(right). For larger mass splitting(right), the effect of Z-mediated s-channel cross sections arising due to χ annihilation become negligible, and co-annihilation channels dominate increasing the relic density in the low DM mass regime within observed limits.
In Fig. 8 , variation of relic density is plotted with DM mass for two different mass splittings between χ and ψ. In the left panel, the splitting is kept at 1 GeV. Now for such a small splitting, the annihilation of the other dark sector particle χ into SM leptons also contribute to the relic density along with the diagrams mentioned in Fig. 2 . All these extra channels being Z mediated, we see the Z-resonance at m ψ =45 GeV. After the resonance, these cross sections decrease with increase in m ψ and co-annihilation channels become important. But if the mass splitting is made larger (5 GeV as shown in the right plot), then the effect of these Z-mediated diagrams becomes negligible compared to ψ co-annihilation and annihilation and we see that even the low mass regime of m ψ supports correct relic density. In Fig. 9 , the variation of y 1 vs m ψ is plotted with the mass splitting between ψ and χ (∆m χψ ) and the splitting between χ and S (∆m Sψ ) fixed at specific values. The dip at m ψ = 45 GeV indicates a broad s-channel Z-resonance arising due to χ + χ − annihilating into SM leptons. The corresponding cross section being proportional to e −2∆m χψ , it becomes irrelevant at mass splitting of 10 GeV, as indicated by the absence of such a dip in the deep pink curve. The co-annihilation channels on the other hand has a slightly more complex dependence on the masses. Considering the Feynman diagrams given in Fig. 2 , there are three channels that could contribute. Two schannels mediated by S and a t-channel mediated by χ. Both the s-channels have S in the final state as well. This brings in a tug of war between the resonant condition, m χ + m ψ = m S and the favourable phase space for the lighter final state particles. This disfavours the χψ → Sh channel. On the other hand the other s-channel process with Sγ in the final state becomes significant around m S = m χ + m ψ ∼ 2m ψ . The t-channels takes over the s-channels at larger m ψ , and the cross section slowly saturates. This is indicated in the plots at higher ψ masses. Heavier S require larger couplings to compensate for the diminishing effects of the propagator and narrowing phase space.
This is
clearly visible in the plots with larger ∆m Sψ values. As soon as m ψ becomes larger than m S , then the pair annihilation of ψ becomes dominant and the correct relic density is observed for m ψ up to the TeV scale.
Collider signatures
The signatures of the model can be traced in the colliders like the LHC through the gauge production and subsequent decay of the charged partner fermion, χ and the charged scalar S. We plot the cross section for pair production of χ at the 14 TeV LHC in Fig. 10a . At m χ = 200 GeV, the cross section is of the order of 100 fb, which falls down to 0.5 fb for m χ = 1 TeV. The charged scalar S, on the other hand, has much smaller cross section of about 1 fb for m S = 100 GeV, which reduces to about 0.1 fb for m S = 500 GeV as seen from Fig.10b . When both the couplings, y 1 and y 2 are large (> 10 −6 ), the decays are instantaneous and happens at the interaction vertex itself where the particles are produced. On the other hand, for very small values of the couplings, the decay width could be so small that χ decays away from the interaction point, leaving signatures distinct to such Long-Lived Particles (LLP). Specific signature of the LLP will depend on its decay length cτ = c Γ , which could range from a few centimeters to kilometers. We shall consider this long-lived situation with χ and S separately in the following subsections. 
Long-lived charged fermion, χ
The conditions on χ arising from the dark matter considerations depend on its mass and nature of decay. In the kinematic regions where m χ > m S + m ψ , the decay of χ is dictated by the Yukawa coupling, y 1 , the Feynman diagram for which is given in Fig. 1a . From Fig. 3 it is clear that χ lighter than about 200 GeV is not favoured in this case. The compatible couplings are restricted to 10 −13 ≤ y 1 ≤ 10 −8 , leading to cτ in the range of interest of LHC for the larger limits of the coupling. We tabulate the decay lengths for typical m χ for y 1 = 10 −8 in Table 7 . The decay length is inversely Table 7 : Decay length (cτ ) of χ in meters for typical masses of ψ and S and at a fixed value of the coupling. All masses are in GeV.
proportional to the y 2 1 , and therefore for slightly larger values of the couplings, the decay length can be brought down to the centimeter range, which is relevant to the Sillicon Vertex Detector (SVD) of LHC experiments. At the same time, couplings larger than 10 −8 leads to χ escaping the detector without decaying, leaving charged track in all sections of the detector, very similar to that of the µ tracks, but with larger energy deposition owing to it being heavier [55, 59] . In addition, its time of flight will be larger than that of muon as it would be slower than muons. Moving on to the case of m χ < m S + m ψ the two-body decay is kinematically disallowed, and the three body decay χ → ψN is controlled by the product y 1 y 2 and mediated by a virtual S * as shown in the Feynman diagram in Fig. 1b . In this case χ can be lighter than 100 GeV as seen from Fig. 4 , with the product of the couplings range between 10 −10 and 10 −6 . Considering the higher side of the coupling, for small values of m χ = 40 GeV to large values of m χ = 1000 GeV it is possible to have χ decaying within the SVD or the calorimeters, or even decay outside the detectors. Table 8 shows the decay lengths for some specific benchmark points. Table 8 : Decay length (cτ ) of χ in meters for typical masses of ψ and S and at a fixed value of the coupling. All masses are in GeV. Heavy neutrino mass is set to m N = 30 GeV.
Long-lived charged scalar, S
We now turn our attention to the charged scalar, S. The decay of S is decided purely by the strength of y 2 . For the freeze-in solution of dark matter, we needed y 1 10 −8 in this case so as to be compatible with the observed relic density. The charged scalar, S is mostly produced through gauge mediation, with a small contribution from the Higgs mediated process enabled by the quartic coupling λ 1 . Further, when the coupling y 1 is of the order of unity, on the other hand, as required in the case of freeze-out mechanism to generate the dark matter relic density, χ would decay instantly as it is produced. It will decay to Sψ, with S further decaying and ψ missing. The cross section for this is given in Fig. 10b against m S at 14 TeV LHC.
The decay of S is decided by the Yukawa coupling y 2 . In Fig. 11 we plot the decay length of S against m S for specific choices of the relevant Yukawa coupling, y 2 . Considering this to be of the order of 10 −8 − 10 −10 makes it decay within the LHC detector, but with a measurable delay from its production so as to distinguish it from other particles which decay instantly. The signatures depend on the actual decay width. For y 2 ∼ 10 −8 − 10 −9 it leave a displaced vertex in the SVD, whereas weaker couplings would make it decay within the HCAL or ECAL or even in the muon detectors. beyond y 1 ∼ 10 −10 will see S escaping the LHC detectors without decaying, but leaving a clear charged particle track in all sectors. Similar to the case of χ discussed above, this can perhaps be distinguished from the muon tracks, owing to its heavy nature and slower speed. Dedicated detectors like the MATHUSLA [57] placed beyond the LHC detector complex could capture the signatures of such long lived particles. The cross-sections and decay widths of S for selected benchmark points are given in Table 9 for some typical benchmark points which satisfy the relic density bound. Table 9 : Values of benchmark points considered in this paper for the production cross section (at 14 TeV LHC) and decay of the charged scalar S. All masses are in GeV. For all points, m N = 30 GeV and y 2i = 10 −10 .
The neutral vector particle, N decays through N h interaction, where is the SM charged lepton and h is the SM Higgs boson. The strength of this interaction is decided by the Yukawa coupling Y N , which also decides the neutrino mass through the seesaw mechanism. As discussed in the introduction, this couplings is required to be ∼ 10 −8 for m N considered in our discussion. In addition, for m N < 125 GeV it cannot decay to on-shell Higgs boson, further slowing down the decay. Therefore, N (of mass in the 100 GeV range or lighter) decays much beyond the LHC detectors, consequently leaving missing energy signature, like the SM neutrinos. It is also interesting that the mass splitting between S and N dictates the signatures of S at the collider. If the splitting is small, a soft lepton will be produced in the final state, leaving disappearing tracks. On the other hand, if the splitting is large, then very likely a kink will be seen in the typical charged track signal.
Finally, we may consider these search options in the proposed e + e − colliders with sufficient centre of mass energy to produce the charged particle, χ and S. The search strategies in this case would be very similar to that mentioned above in the case of the LHC. Notice that the production being electroweak process, cross section in this case will be comparable with the LHC. On the other hand, the clean environment and fixed centre of mass energy can be of great advantage in the leptonic colliders. We shall defer a detailed study to a future publication.
Conclusion
Providing a viable dark matter candidate, yet compatible with all the experimental observations is one of the major challenges of particle physics today. In the popular WIMP scenario, weakly interacting dark matter particles produced thermally in abundance is depleted with large enough annihilations to achieve the observed relic density as they decouple and freeze out. In most models of WIMP the basic interaction that leads to such annihilations is the same as that is relevant in the direct detection experiments based on their elastic scattering off nuclei. Presently, the direct detection experiments have constrained these couplings to the extent that it becomes quite difficult to accommodate the required annihilation cross section. This has led many researchers to favour an alternate mechanism, whereby very feebly interacting massive particles are slowly produced to build up the relic density of the dark matter. In this FIMP scenario, usually, a thermally produced partner particle decays very slowly to the dark matter particle.
In this work we consider a gauge singlet fermionic FIMP dark matter, ψ and an isospin singlet charged fermion, χ as its partner particle. The stability of the dark matter particle is ensured by imposing a Z 2 symmetry under which both χ and ψ are odd, while all other particles are even. Gauge produced χ decays through its Yukawa coupling (y 1 ) to ψ and another newly introduced isospin singlet charged scalar S. For very small values of this Yukawa coupling, the dark matter density will be slowly built up. Our analysis shows that for 10 −13 ≤ y 1 ≤ 10 −8 a wide range of DM mass 1 GeV ≤ m ψ ≤ 600 GeV is viable for partner mass of 100-1000 GeV. The presence of S and the Yukawa coupling, y 2 enabling its decay to a heavy neutral fermion and the charged SM leptons, add an entirely new dimension to the dynamics compared to what is usually discussed in the literature. The signatures here include a slowly decaying long-lived particle, apart from the dark matter particle itself. Under favourable conditions, the partner particles can be produced plenty at colliders like the LHC, which then will decay away from the interaction point, but within the detector, leaving distinct signatures compared to many exotic particle searches. The typical coupling (relevant to the decay) required for this is ∼ 10 −9 , which in the usual FIMP scenarios discussed in the literature require very light dark matter candidates (keV -MeV). In the present scenario we discussed, the presence of y 2 , which can be independent of the dark matter considerations makes it possible to have S to be a long lived particle that could be searched at the LHC, for a large range of its mass.
When the kinematic condition m χ > m ψ + m S is not met, χ decays through off-shell S to N ψ. This decay is controlled by a combination of y 1 and y 2 . Thus, for small y 2 the production of ψ can be made slow even when y 1 is large, making the annihilations of ψ controlled by this coupling relevant. This is an entirely new feature of the dark matter dynamics that to our knowledge has not been discussed in the literature so far. This intermingling of slow production leading to freeze-in and annihilation followed by freeze-out opens up a large region of the parameter space, otherwise unavailable when these mechanisms are considered separately. We have discussed the details of this in Section 3.2, where the importance of annihilation process is clearly established.
Another important feature of the model presented is the possibility of freeze-out in certain regions of the parameter space. Note that this possibility is difficult to be present in usual freeze-in models controlled by a single coupling and one partner particle. We have explored this possibility, and show that for m ψ starting from 1 GeV all the way up to 1000 GeV and beyond, almost the entire range of theoretically allowed coupling values and a large range of masses of other particles are compatible with the observations. The collider phenomenology in this region of parameter space may not feature any long-lived particle . On the other hand, presence of two exotic charged particles, one fermion and one scalar will add rich phenomenology, which will be explored in detail in a different work.
Finally, we point the attention of the reader to the presence of heavy neutral fermion inducing type-I seesaw mechanism providing a way to generate light neutrino mass within the same framework, as an added feature of the model.
